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SOLVABILITY OF MULTI-POINT BOUNDARY VALUE
PROBLEMS FOR FRACTIONAL DIFFERENTIAL
EQUATIONS AT RESONANCE

YUuJi Liu* AND XINGYUAN Liu**

ABSTRACT. Sufficient conditions for the existence of at least one
solution of a class of multi-point boundary value problems of the
fractional differential equations at resonance are established. The
main theorem generalizes and improves those ones in [Liu, B., Solv-
ability of multi-point boundary value problems at resonance(II),
Appl. Math. Comput., 136(2003)353-377], see Remark 2.3. An
example is presented to illustrate the main results.

1. Introduction

Fractional differential equations have many applications in modeling
of physical and chemical processes [1-8]. In its turn, mathematical as-
pects of fractional differential equations and methods of their solutions
were discussed by many authors, see the text books [3,5], the papers
[1,2,4,6-8] and the references therein.

However, there are not many papers consider the boundary value
problems at resonance for nonlinear ordinary differential equations of
fractional order.
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In this paper, we discuss the multi-point boundary value problem
(MBVP or BVP for short) of the nonlinear fractional differential equa-
tion (FDE for short) with the nonlinearity depending on Dy Ty

D u(t) = f (t,u(t), DS u(t)) + e(t), t € (0,1),
(1.1) lim;—0 D Lu(t) =0,

limg—q Dg‘Ilu(t) = Zz 1 1D3+ 1“(5@)
where Df, is the Riemann-Liouville fractional derivative of order a €
(1,2), and f : (0,1) x R x R — R is continuous, e € L'(0,1), f and
e may be singular at t = 0and t =1, 0 < & <& < --- < €po <1
and #; € R(1 =1,2,--- ,m — 2) are constants. We obtain the results on
the existence of solutions of BVP(1.1) by using the coincidence degree
theory in Banach spaces.

One sees that the corresponding homogeneous boundary value prob-
lem of BVP(1.1) is as follows:

Dg.ult) = 0,¢ € (0,1),
lim; 0 D u( ) =0,
limy 1 D fu(t) = 2 1 i Do tu(&).

It has nontrivial solutions u(t) = ct*~2, ¢ € R. Hence BVP(1.1) is called
a resonant boundary value problem.

It is easy to see when o = 2 that BVP(1.1) becomes the multi-point
BVPs
(1) = ftu(t), ' (t) +e(t), te(0,1),
'(0) =0,
(1) = Y757 B (&),

where f:[0,1] x R x R — R is continuous, e € L'[0,1], 0 < & < & <

c<&m—a<land f; € R(i=1,2,--- ,m—2) are constants. BVP(1.2)
has been studied by many authors, see [9,10]. The purpose of this paper
is to generalize parts of the results obtained in [9,10].

(1.2) iy

2. Main results

To obtain the main results, we need some notations and an abstract
existence theorem by Gaines and Mawhin [11].

Let X and Y be Banach spaces, L : D(L) C X — Y be a Fredholm
operator of index zero, P: X — X, Q : Y — Y be projectors such
that

ImP=Ker L, KerQ=Im L, X =Ker L&Ker P, Y =Im LHIm Q.
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It follows that
L‘D(L)mKer p: D(L)NKer P — Im L

is invertible, we denote the inverse of that map by K.

If © is an open bounded subset of X, D(L)NQ # (), themap N : X —
Y will be called L—compact on Q if QN () is bounded and K,(I—Q)N :
Q — X is compact.

LEMMA 2.1. [11] Let L be a Fredholm operator of index zero and
let N be L—compact on ). Assume that the following conditions are
satisfied:

(i) Lz # ANz for every (x,\) € [D(L) \ KerL) N 09 x (0,1);
(ii) Nx ¢ ImL for every x € KerL N 0§Y;
(iii) deg(AT'QN |kep, » @ N KerL,0) # 0, where A™' : Y/ImL —
KerL is an isomorphism.

Then the equation Lxr = Nz has at least one solution in D(L) N Q.

We use the Banach spaces C[0, 1] with the norm

[lulloo = max fu(t)],

t€0,1]
and L'[0,1] with the norm
1
lalls = [ Ju(s)ds.
0
Let
( D(O)‘Jr_lm € C%0,1)

there exist the limits
limg o t2~%2(t)
limg 1 t2~%2(t)
lim_o DS ' (t)
limy_p Dg‘glx(t)

X =<SueCc®0,1):

\

For xz € X, define the norm

7

||| ZmaX{ sup t**|z(t)], sup |D3+1fv(t)l}~
te(0,1) te(0,1)

By means of the linear functional analysis theory, we can prove that X
is a Banach space. Choose Y = L0, 1].
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Define L to be the linear operator from D(L)() X to Y with
Dy, u e L'0,1],
D(L) =< ueCc*to,1]: limg_o DS} u(t) =0,
limy 1 D M u(t) = Y052 BiDgT u(&s)
and
(Lu)(t) = Dgyu(t), uw € D(L).
Define N : X — Y by
(Nu)(t) = f (t,u(t), D u(t)) +e(t), u € X.
Then BVP(1.1) can be written as
Lu= Nu, ue D(L).

LEMMA 2.2. It holds that
(i) KerL = {ct*"%, c € R};
.. 1 m— i
(ii) ImL = { veY, [yu(s)ds = Zi:12 Bi [5 v(s)ds };
(iii) L is a Fredholm operator of index zero;
(iv) There exist projectors P : X — X and @ : Y — Y such that
KerL = ImP and Ker() = ImL. Furthermore, let  C X be an

open bounded subset with QN D(L) # 0, then N is L—compact
on €.

Proof. One sees that D, u(t) = 0 has solutions
u(t) = et t 4 ot 2t € (0,1)
for some ¢; € R, i=1,2. We get
Dg‘jlu(t) =T'(a)ec.

It follows from

m—2
lim DT Mu(t) =0, lim Dy tu(t) = > BiDg u(&)
i=1
that ¢; = 0 and ¢ € R. Then (i) follows immediately.
We see that v € ImL if and only if there exists a function v € D(L)
such that
Dg,u(t) =v(t), te(0,1),1<a<?2,
lim; o D7 tu(t) = 0,
limg—y DG u(t) = Y752 6D ul()-
Then

(2.1) u(t) = I o(t) + et ! + ot 2t € (0,1).
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It follows that

(2.2) Dg“;lu(t) = /0 v(s)ds + 1l ().

From the boundary conditions, we get ¢; = 0 and

1 m—2 &
(2.3) / v(s)ds = Z ﬂi/ v(s)ds.
0 =1 0
On the other hand, suppose v € Y and satisfies (2.3). Choose
u(t) = Igiv(t).
One sees by computation that
DE.u(t) = v(t),t € (0,1)
and
t
D(O)flu(t) :/ v(s)ds.
0
One has

m—2
lim D§;u(t) = 0, lim D) = ) GiDg; u(&)-

Furthermore, we know that v € C'(0,1) and Dg‘jlu € C(0,1) and there
exist the limits

2 2— : -1
lim £2=2(1), L 2 a(#), lim DY (1), lim DG (1)
Hence u € D(L) and Lu = v. So v € ImL. Then (ii) follows.

To prove (iii) and (iv), We first claim that there exists k € {0,1,2,

,m — 2} such that 3772 3,62 £ 1. In fact, suppose that

B
> Bt =1forall k € {0,1,2,-- ,m — 2},

=1
we have
£§1 551 L %;12 1 1
T & SRR S o 1
gtll—i-m—Q gg—i—m—? L. 5%-1;751—2 ﬂm—Q 1
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It is equal to

0
g g o g, 1\ [ ] O
a+1 ol L atl B2
1 2 m—2 .
atm—2 jatm—2 £a+m 2 Brm—2 0
i 2 1 0

However, it is well known that the Vandermont Determinant

& & 0 &no 1
(11+1 éy—i—l L. €o¢+1 1
(1)c+m—2 €<2x+m—2 L ga—i—m 2 1

is not equal to zero, so there is a contradiction.
Let k satisfy > " 1 1 0‘+k # 1. Define the projectors Q : Y — Y
and P: X — X by

fo s)ds — 3 11 lfoz
1_21 1 l€a+k

ta+k_1 for v ey,

(Qu)(t) = (o + k)

and

limg o t2%u(t)

P

(Pu)(t) =

respectively. It is easy to prove that Im P = Ker L, Ker = Im L.
Furthermore, for © € X, one sees

22 for ue X,

limt_>0 t2iau

(t) a—2
KerL
T(a—1) t € Kerl,

and the definition of P implies

pcmwfmgyfxwmﬂ>

imt*) 2_O‘u _
_ Pu(t)—P(l F(Zt_ 5 (1) o 2>

limyg o t2~%u(t) ja=2 _ limg o t2~%u(t)
MNa-—1) MNa-—1)

P(t*?) =0.
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We get
u(t) —

hmt_,(] t27au

431

t
( )to‘_2 € KerP.

MNa-1)

One can see that KerL [ KerP = {0}. Then X = Ker L ¢ Ker P.

For v € Y, since

1= 1 ’f()l

' Jo v(s)ds — 3
/{)(v—(a—l—k) 1—ZZ1 1£a+k

toz+k1> dt

1 d _ % 1
— / v(s)ds — (a + k) Jo vls)ds — 23 1 Jf:k / toth=1ay
0 1-— Z 50“ 0
1 s)ds — i
= / v(s)ds — fo i aj-;(—)k ,
0 1_22 1 Zg
implies
s)ds — N
Z/Bz/ v—(a+ k) fo S~ Lis 1 aj_ék ta“f—l dt
1- Zz 1 Zf
m—2 &
= > a [ e
i=1 0
fo v(s)ds — Y75 %fol s)ds "~ atk-1
m—2 & f -
= Bi / v(t)dt — 22 m’ - Za Bigftr
; 0 1_21 12 Zf +k Z
1 s)ds — i
= / v(s)ds — fo s~ i 1 Zo{s(—)k
0 1- Zz 1 16
1 i
- / v — ( oz+l<:f0 Dy Z{ék 05 jortk-1 dt,
0 1_2'21 Zé.;l
we get,
ds — Y2 B[S u(s)d
v— (oz—i—k:)f vls)ds :21 ﬁaffkv 20 jath=1 ¢ I,
1- Zi:1 /3251
Together with
fo s)ds — 3= 1 Zfol

(a+ k)
1_211 i

ga-i-k

tCH-k—l c ImQ,
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and ImL (Im@ = {0}, so Y =Im L & Im Q. It follows that ¥Y/ImL =
Im@. So dim KerL = dim Y/ImL = 1. Hence L is a Fredholm operator
of index zero.

For v € ImL, let

(Kpv)(t) = F(la) /O (t — )% o(s)ds = I%v(t) for v € ImL.

One sees Kpv € D(L) and

P ((1(1) /Ot(t— s)a_lv(s)ds)

limy o =15, v(t)

2 = 0.
MNa-1) 0

It follows that (K,v) € KerP. Then Kp: Im L — D(L) N KerP is
well defined.

Furthermore, for v € ImL, we have

(LKp)(v) :L(F(la) /0 (t—s)o‘lv(s)ds) — DE, (I8 (1)) = ().

On the other hand, for v € Ker PN D(L), we have

(Pu)(t) = “mﬁgti_f;‘(“ 72— 0.t € (0,1).

Then lim;_o t*~*u(t) = 0. Suppose Dg,u = v. Then
u(t) = I§o(t) +ct® 4 cat® 2

Since Dg‘flu(t) = 0 and limy o> “u(t) = 0, then ¢; = co = 0. It
follows from the definition of Kp that
(KpL)u(t) = KpDgiu(t) = Kpo(t)
I ]
= — [ (t—9)"" d
i [ =
= u(t).

Then Kp is the inverse of L : D(L)(\KerP — ImL. The isomorphism
A: KerL — Y/ImL is given by

/\(ata_2) _ ata-i—k—l ]
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Furthermore, one has

QNu(t)
= Q(f(t,u(t), DI u(t)) + e(t))
B (a + k)ta—i-k—l 1 ot
RS /0 (f (&, u(t), D () + e(t)) dt
a4 kytethel 2k o
1 (— 221112 i€ ; 51-/0 (f(t,u(t), DT u(t)) +e(t)) dt,
Kp(I — Q)Nux(t)
= Kp(I—Q)(f(t,u(t), Dy ult)) + e(t))
= Kp (f(t,u(t), D§i u(t)) + e(t))
—KpQ (f(t,u(t), DS u(t) + e(t))

— i ' —s)e 1 s, u(s a=ly(s e(s)) ds
_ m)/ﬂ@ Ja (F(s,u(s), DY Mu(s)) + e(s)) d

o 1
_F(la) 1— Zmzk otk /0 (f(t u(t), DS u(t)) + e(t)) dt x
i=1 PiS;

t
/ (t o 8)a_1$a+k_1d3.
0

Since f is continuous, Let 2 be a bounded subset in Y. It is easy
to show that QN () and Kp(I — Q)N (Q2) are bounded in Y, Kp(I —
Q)N (Q) and D(o)‘fle(I — Q)N(R) are equicontinuous. Then Kp(I —
Q)N is completely continuous. So N is L—compact on 2. The proofs
are completed. ]

THEOREM 2.3. Suppose
(A) there exist nonnegative continuous functions a,b, c,r € L*(0,1),
and a constant 6 € [0,1) such that for alll (x,y) € R%, t € (0,1) either

(2.4) £ (422, y)| < a(t)]z] + b() |yl + c(t)]y|” + r(?)
or else
(2.5) £ (¢, 2, y)| < a(t)|z] + b(t) |yl + c(t)|2]” + (D).

(B) there exists a constant M > 0 such that |z| > M implies

! -2 = G -2
/0 (1557 . +els)ds # 34 /0 (F(s, 5% 22, y) + e(s))ds.
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(C) there exists a constant M* > 0, then either

¢ [/1[f(t,ct°‘_2,0) T e(t)]dt
0
(2.6) s
-6 / “Ur e 0) + e(t)]dt] >0
; 0

for all |¢| > M* or else

c [/1[f(t,ct°‘_2,0) + e(t)]dt
0
(2'7) m—2

&
— Z ﬁi/o [f(t,ct*2,0) + e(t)]dt] <0

for all |c| > M.
(D) F 1sa2 ds—i—fo s)ds < 1.
Then for every e € L'[0,1] BVP(1) has at least one solution.

Proof. From Lemma 2.2, L be a Fredholm operator of index zero and
let N be L—compact on 2.
To apply Lemma 2.1, we should define an open bounded subset €2 of
X centered at zero such that (i), (ii) and (iii) in Lemma 2.1 hold. To
obtain €2, we do three steps. The proof of this theorem is divided into
four steps.
Step 1. Let Q; = {u € D(L)\KerL, Lu = ANu for some X\ € (0,1)}.
We prove that €)1 is bounded.
For u € 4, we get Lu = ANwu and
DS u(t) = Af (¢, u( Dg*+ Lu(t)) +e(t), te(0,1),1<a<2,
lim;_, DOJr u(t)
lim;1 D@ Lu(t)

IIQ

Zz 1 1D3+1u(§z)

Now, Nu € ImL implies that
Jo (F(s,u(s), D§: u(s)) + e(s))ds #
B [ (F(s,u(s), DS u(s)) + e(s))ds.
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It follows that

fol [f (57 s - uQ(S) D&_ 1u( )) + e(s)] ds
)

()

S B i £ (5 S D5 uls)) + o) ds

Since t2~%u(t) is continuous on (0, 1), then either there exists to € (0, 1)
such that ¢ *|u(tg)| < M or

t2=u(t) > M for all t € (0,1] (%)

or
t27%u(t) < M for all t € (0,1). (%)

If (x) and (%) hold, together with (¢) and (B), there exists ¢ty € [0, 1]
such that t2~“|u(tg)| < —M. Hence we have ty € (0, 1) such that

to ™ u(to)| < M. (o)
One sees that

u(t) = IS Dyu(t) + ct® 4 cot® 2
= /\ o [F (tu(t), DS u(t)) + e(t)] + ert™ ™ + eat® 2

lim DS lu(t) =0,
then ¢; = 0. On the other hand, we have

t2701u(t) = 8‘+D6¥+u( )+ CQ’ t% @ (to) = IO+DO+U( )‘t:to +02.

Then
[2u(t)| = ‘tg “fulto)| + 271, Dy u(t) — 271, Dy u(t)],_, |
< M+ |t D, u(s)ds — 27 [l Wra T pay()d
+ fo oru(s)ds — 15 |y T() o+ u(s)ds
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=M+ ‘tZ aft (t— S)a 1dDoz 1 ( )_t(Q)—a to (to—S)a_ldngL—lu(s)‘

(o) 0 T'(a)
_ a1 - t _ _ga—1 _ to
= M+ | 2o Ul g hus) | — 57 Lepdi— Do u(s) |

—5)*"2 Ha— « —8)2=2 -
7 fo (tF(a)—l) Dy tu(s)ds — 157 [ (tOF(o)c) Do+ lu(s)ds‘

8112
<M+ 27 [0 G "D Yu(s)|ds + t5 7 fo0 Yo Do u(s) | ds

<M+(t2 aftg(t Sa)gd +t(21 “ o0 (tlg(;) 1 dS) Supte (0,1) |Do+ U(t)|

< M + 1"( )Supte 0,1) |D0+ u(t)‘
If (2.4) holds, then

D5 ()] = | DgT ulb)li=o + Jy Dgvu(s)ds

_ ‘)\ JET £ (s, uls), D& u(s)) + e(s)] ds‘

< Jy | £(su(s), Dgu(s)) + e(s)] ds

< f01\f(s,sa—%Q—au(s),Dgglu( ds + [ le(s)|ds
< Jy °2a(s)[s*u(s)|ds + [ b(s)| DG u(s))|ds

+ [y e(s)DST u(s)) | ds + [y 1r(s)|ds + [ le(s)|ds
< Jo s° a(s $)ds sup;e o 1y [t (8)] + Jo o s)ds supe o1y | Do u(t))]
—i—fo s)ds (supte 0,1) |D0Jr u(t ) —l—fo Ir(s ]ds—{—fo s)|ds
<f1 a=2g ds(M+F()supt601)|D0+ )

+ fo s)ds SUP¢e(0,1) |D0+ U(tm

+fo s)ds (SUPtGOI DG+ tu(t)) ) +f0 (s ’ds""fo s)|ds



Solvability of multi-point BVPs for FDEs 437
1 — 1 -1
= (17 Jo 5 2als)ds + J b(s)ds) supye(o | DG ()]

1 a—1 0
+ Jy e(s)ds (supeqo ) DG u(®))])

+M fol 5 2a(s)ds + fol |7(s)|ds + fol le(s)|ds.
Then

< (I‘(2a) /01 s 2a(s)ds + /01 b(s)ds) tsg)?l) |D3+_1U(t))|

1cs s| su a1, 0
T / (5)d (tqo%)DO* <t>>\>

1 1 1
+M/0 so‘_2a(s)d8+/0 \r(s)ds+/0 le(s)|ds.

It follows from (D) and 6 € [0,1) that there exists a constant M; > 0
such that

(2.8) sup DS u(t)] < M.
te(0,1)
Then
2
2—a
sup t“ “u(t)]| < M + ——M;.
te(0,1) | ['(a)
Hence
2

It follows that € is bounded.
If (2.5) holds, similarly to above discussion, we can that there exists
My > 0 such that (2.9) holds. It follows that € is bounded too.

Step 2. Let Qy = {z € KerL : Nz € ImL}. We prove that Qg is
bounded.
For z € Qy, then z(t) = ¢t 2, and

Nz(t) = f(t,ct®2,0) + e(t).
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So
(2.10) /l[f(t ct®2,0) + e(t Zﬂz/ [f(t,ct*2,0) + e(t)]dt.
0

From (B), we get that |ct“2| < M. Then |c| < M. This shows ) is
bounded.

Step 3. We prove that either
Qs={zeKer L: AMxz+(1—-XNQNz=0, \€[0,1]}
or
W={recKerL: —ANz+(1-AN)QNxz=0, A€[0,1]}
is bounded.
If (2.6) holds for all |c| > M*, let

MW={reKerL: ANz+(1-NQNz=0, A €[0,1]},

where A is the isomorphism given by A(ct®T#~1) = ct*~2. We prove that
Q3 is bounded.
For z(t) = ¢t~ 2 € Ker L, one sees that
(1= A)(a+ k)toth-t

1
—Aetothml = T ST (/0 [f(t,ct*2,0) + e(t)]dt
=1 15

3
- Z Bi /0 [f(t,ct*2,0) + e(t)]dt) .

Then
(1-— )\)(a + k)

1
D P Ca—2 e
e = SO ([ e et 0y et

3
- Z Bi /0 [f(t, ct*2,0) + e(t)]dt) .

IfAX=1,thenc=0. If A €[0,1), and |c| > M*, we get
(1—)\)(a+k)

1
0> -\? = ST <a/0 [f(t,ct* 2,0) + e(t)]dt
= 1 i

&
> /0 [f(t,cta—2,0)+e(t)]dt)

a contradiction. Hence |¢| < M*. Then Q3 is bounded.
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If (2.7) holds for all |c| > M*, let
Qs={zeKer L: Az —(1-NQNz=0, A €[0,1]},

where A is the isomorphism given by A(ct®T#71) = ct*~2. We prove that
Q3 is bounded.
Step 4. We shall show that all conditions of Lemma 2.3 are satisfied.
Set 2 be a open bounded subset of X centered at zero such that
Q> U?:lﬁi. By Lemma 2.2, L is a Fredholm operator of index zero and
N is L—compact on Q. By the definition of €2, we have
(i) Lz # ANz for z € (D(L) \ KerL) N 9Q and A € (0,1);
(ii) Nz ¢ ImL for z € KerL N 0.
(iii) deg(QN|kerr, 2N KerL,0) # 0. In fact, let H(z,\) = £A ANz +
(1 = AN)@Nz. According the definition of Q, we know H(x, \) # 0
for z € 002 N KerL, thus by homotopy property of degree,

deg(QN|kerr, XN KerL,0) = deg(H(-,0),2NKerL,0)
= deg(H(-,1),2NKerL,0)
deg(A, Q2N KerL,0) # 0.

Thus by Lemma 2.1, Lz = Nz has at least one solution in D(L) N Q,
which is a solution of BVP(1.1). The proof is complete. O

REMARK 2.4. Theorem 2.3 generalizes and improves the main result
(Theorem 3.8) in [10]. In fact, when a = 2, BVP(1.1) becomes

u’(t) = f(t,u(t),w'(t) + e(t), t € (0,1),
W (0) =0,
u'(1) = 07 B (&),
(i) Firstly the assumptions ) ;" 3 = 1 and ) ;" 3i& # 1 in [10:
Theorem 3.8] are cancelled in Theorem 2.3.
(ii) Secondly, the assumption (D) is

1 1
2/ a(s)ds +/ b(s)ds < 1 when a = 2.
0 0
It is weaker than
1 1 1
/ a(s)ds +/ b(s) < B supposed in [10 : Theorem 3.8].
0 0

(iii) the other assumptions in Theorem 2.3 are exactly same to those
ones of Theorem 3.8 in [10].
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REMARK 2.5. Similarly to Theorem 2.3, for the following BVP
(2.11)

DS u(t) = (,()D;H4»+w() te(0,1),1<a<?2,

hthO D0+ U(t) = ZZ 1 1D(O;+ ! (61)’
limy 1 D()+ u( )

we can establish existence result for solutions. The details are omitted.

3. An example

Now, we present an example, which can not be covered by known
results, to illustrate Theorem 2.3.

ExaMpPLE 3.1. Consider the boundary value problem

D2, (t) = La(t) + & sin <D0+x( ))

1
1 :

1 3
(3.1) +3sin (Déx(t)) + 1+ cos?t,
1

ling—o DG u(t) = 0.

[ limy—y D, u(t) = %Do+x (1) + 1D0+:c (3)-

Corresponding to BVP(1.1), a = 2 and

1 1 1
Gi=p =5 =5 Rl=;
F(tvy) = —2+ —siny + 3sinyd, e(t) = 1+ cost
T, Y) = 5T 24s1ny sinys, e(t) = cos” t.
(A) choose a(t) = 35, b(t) = 55, c(t) = 3, r(t) =0, § = %, then for
all (x,y) € R?, t € (0,1) either
(3-2) |f(t.2, )] < a(®)lz] + b0yl + e(@)lyl” +r(2).
(B) choose M = 122, it is easy to find that
1 1 —49 1
flt,z,y) +e(t) > > g~ —341=" > —ifx > M,

- 24 24 24 24
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Jo (7 (s, u(s), DGz () + e(s))ds = b J5F (£ (s, u(s), DGz "u(s) + e(s))ds
-1 é(f<s,u<s>,Dg;1u<s>> T e(s))ds
= 4 J1(f(s,u(s), D§TMuls)) + e(s))ds
+5 J1(f (s,uls), Dy u(s)) + e(s))ds

> 0.

It is easy to find that

then
Jo (s u(s). DT u(s)) + e(s)ds — & fo (F (s u(s), D u(s)) + e(s))ds
-1 é(f<s,u<s>,Dg;1u<s>> T e(s))ds
= 5 J1(F(s,u(s), DG u(s) + e(s))ds
+3 J1 (£ (5, u(s), D u(s)) + e(s))ds

< 0.
Then u € D(L), if |u(t)| > M for all t € [0, 1], it holds that
S (s uls), DS u(s) + els))ds #
S B S (f (s uls), DS uls)) + e(s))ds.

(C) since

1
f(t, et 2,0) +e(t) = ﬂda 2114 cos’t
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we get,

A=c [fol[f(t,ctaz,O) + e(t)]dt — fo f(t,ct®2,0) + e(t)]dt

= LR et 0) + et)]dt

¢ |3 1/t eta=2,0) + e(®)]dt + § [L1F (2 ct22,0) + e(t)]dt]

:c[%fil( Hct® 2 + 1+ cos? t)dt+2f1 (57ct* 2 + 1+ cos? t)]dt}

is (2— 4a1_1 — 2a1_1)62+%fi1 (1+0082t) dt—l—%fél (1+C082t) dtc.

It is easy to see that there exists M* > 0 such that A > 0 for all |¢| > M*
(D) &5 Jo ds + bl < 1.

082(1

It follows from Theorem 2.3 that BVP(3.1) has at least one solution

(1]

(9]
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